The Lorenz curve is a universally calibrated statistical tool measuring quantitatively the distribution of wealth within human populations. We consider infinite random populations modeled by inhomogeneous Poisson processes defined on the positive half-line-the randomly scattered process-points representing the wealth of the population-members (or any other positive-valued measure of interest such as size, mass, energy, etc.). For these populations the notion of ''macroscopic Lorenz curve'' is defined and analyzed, and the notion of ''Lorenzian fractality'' is defined and characterized. We show that the only non-degenerate macroscopically observable Lorenz curves are power-laws manifesting Paretian statistics-thus providing a universal ''Lorenzian explanation'' to the ubiquitous appearance of Paretian probability laws in nature. r 2007 Published by Elsevier B.V.
Introduction
In 1905, the American statistician Max Lorenz devised a remarkable quantitative method for measuring the distribution of wealth within human populations-referred to nowadays as the Lorenz curve [1] . The Lorenz curve y ¼ LðxÞ of a given population reads out as follows: the top 100x% of the population are in possession of 100y% of the total population's wealth ð0px; yp1Þ.
A key feature of the Lorenz curve is its universal calibration. No matter what the population considered is, no matter in what currency wealth is measured, and no matter the range of the population's wealth valuesthe Lorenz curve will always represent the population's distribution of wealth in a universally calibrated functional form: a curve y ¼ LðxÞ residing in the unit square (0px; yp1), initiating from the origin ð0; 0Þ, and monotone increasing to the point ð1; 1Þ. In other words, the Lorenz curve uses an intrinsic scaling mechanism which transforms the wealth distribution of all populations to a universal unit scale.
Eight years earlier (1897) and a continent away, the Italian economist Vilfredo Pareto came up with a remarkable empirical discovery regarding the distribution of wealth in human populations-referred to nowadays as Pareto's law [2] . Pareto discovered that the frequency of individuals with wealth greater than the level l follows a decreasing power-law in the variable l. The striking feature of Pareto's discovery was its empirical universality-all human populations studied by Pareto appeared to be governed by power-law wealth statistics (albeit with different exponents).
Paretian power-laws are not exclusive to human wealth statistics. Power-law statistical connections between occurrence-frequencies and magnitude-levels were observed in a multitude of examples spanning over diverse scientific fields [3] [4] [5] [6] [7] . By all means, empirical evidence proved unequivocally Paretian ubiquity-giving rise to the question why? Why does Pareto's law appear ubiquitously?
Probability theory teaches us that ubiquitously observed probability laws are often the results of probabilistic limit theorems: the Poisson law via the Law of Small Numbers; the Gaussian law via the Central Limit Theorem (CLT); the Le´vy Stable laws via the generalized CLT; the Gumbel, Fre´chet and Weibull laws via Extreme Value Theory.
The underlying setting of all the aforementioned probabilistic limit theorems-in its most elemental formis a sequence of n independent and identically distributed (IID) random variables, drawn from a common arbitrary probability law. Each probabilistic limit theorem considers the asymptotic behavior of a certain functional of the sequence, scaled appropriately with respect to the length n of the sequence, in the limit n ! 1. Specifically: the Law of Small Numbers considers threshold-exceedances [8] ; the CLT consider sums [9] ; Extreme Value Theory considers maxima and minima [8] .
Various mechanisms are known to yield Paretian probability laws (see [10, Chapter 14 and references therein] ). Yet, a universal mechanism generating Paretian probability laws is known only in the case of Pareto laws with integer-valued exponents [11] . In this research we present a probabilistic limit theorem which is a ''universal generator'' of all Paretian probability laws with exponent greater than unity. To do so, we shall step beyond the conventional IID setting of the aforementioned probabilistic limit theorems, and follow an approach based on the notion of the Lorenz curve.
The common method for the random modeling of populations is the ''IID algorithm'': modeling a population via an IID sequence of positive-valued random variables, each random variable representing the wealth of an individual. An alternative method is the ''Poissonian algorithm'': modeling a population via an inhomogeneous Poisson process on the positive half-line [12] , each random point representing the wealth of an individual. The IID algorithm always generates finite-size populations. The Poissonian algorithm, on the other hand, can generate either finite-size or infinite-size populations. The IID algorithm is, in fact, a special case of the Poissonian algorithm [13] .
Infinite-size Poissonian populations may, at first glance, seem somewhat unrealistic and bizarre. Yet, infinite-size Poissonian populations turn out to be of paramount importance: (i) they underlie the Le´vy Stable limit laws of the generalized CLT; (ii) they underlie the Gumbel, Fre´chet and Weibull limit laws of Extreme Value Theory; and (iii) they facilitate a definition of fractal populations which is based on the notions of Poissonian scale-invariance and Poissonian renormalization [13] .
The core of this research is the Lorenzian analysis of infinite Poissonian populations. Namely: defining and analyzing the Lorenz curves of infinite-size random populations generated by the Poissonian algorithm. As indicated above we step beyond the conventional IID setting by considering infinite Poissonian populations, and conduct a Lorenzian analysis of these populations. This undertaking will yield a ''Lorenzian CLT'' for infinite Poissonian populations and, consequently, a probabilistic-limit-theorem explanation of the Paretian ubiquity phenomena.
The manuscript is organized as follows. We begin, in Section 2, with a review of the Lorenz curve. Poissonian populations are defined in Section 3, and the modeling of Paretian population-statistics is described in Section 4. The Lorenzian analysis of infinite Poissonian populations is conducted in Section 5, and the notion of ''Lorenzian fractality'' is introduced and investigated in Section 6. A CLT perspective of the Lorenzian analysis is provided in Section 7, followed by a Lorenzian-based explanation of Paretian ubiquity presented in Section 8.
A review of the Lorenz curve
Consider a population of size n, and let W 1 XW 2 X Á Á Á XW n denote the order statistics of the population members' wealth: W 1 denoting the wealth of the richest individual, W 2 denoting the wealth of the secondrichest individual, etc.
The ratio
gives the proportion of wealth held by the top 100x% of the population (0pxp1; byc denoting the integer part of the real number y). The Lorenz curve y ¼ LðxÞ-introduced in 1905 by the American statistician Max Lorenz [1] , and named after him-gives a quantitative representation of the distribution of wealth within human populations. The Lorenz curve y ¼ LðxÞ is universally calibrated: it is defined on the unit interval ð0pxp1Þ, ranges over the unit interval ð0pyp1Þ, and is monotone non-decreasing from the point Lð0Þ ¼ 0 to the point Lð1Þ ¼ 1.
In the ''totally egalitarian'' case the population wealth W is equally distributed amongst its members:
In the limit n ! 1 totally egalitarian populations yield the line of perfect equality L pe ðxÞ ¼ x ð0pxp1Þ.
In the ''totally monarchic'' case the population wealth W is held by a single member, whereas all other members are completely impoverished:
In the limit n ! 1 totally monarchic populations yield the line of perfect inequality L pi ðxÞ ¼ 1 ð0oxp1Þ.
Lorenz curves are bounded from below by the line of perfect equality and are bounded from above by the line of perfect inequality: L pe ðxÞpLðxÞpL pi ðxÞ ð0pxp1Þ.
Consider now the case of a random population in which the wealth of the population members is drawn from a common positive-valued probability law with survival probability function F ðuÞ (uX0). Specifically: W 1 XW 2 X Á Á Á XW n are the order statistics of n IID random variables governed by the survival probability function F .
Probabilistic limit theorems assert that the empirical Lorenz curve of Eq. (1) converges, in the limit n ! 1, to the Lorenz curve
(0pxp1; F À1 denoting the inverse of the survival probability function F ) -the convergence being uniform and holding with probability one [14, 15] . A heuristic explanation why the Lorenz curve L F corresponds to the survival probability function F is given in the Appendix. A necessary and sufficient condition for the Lorenz curve L F to be well defined is that the underlying probability law (governed by the survival probability function F ) possesses a finite mean.
Poissonian populations
The standard methodology for the modeling of random populations is the ''IID algorithm'': generating a sequence of IID random variables drawn from a common positive-valued probability law. The random variables generated represent the wealth of the population's members.
A less common methodology for the modeling of random populations is the ''Poissonian algorithm'': generating an inhomogeneous Poisson process on the positive half-line. The randomly scattered points of the Poisson process represent the wealth of the population's members.
An inhomogeneous Poisson process with rate function rðuÞ ðu40Þ, defined on the positive half-line, is characterized by the following pair of properties [12] : (i) the number of points residing within the interval I is a Poisson-distributed random variable with mean R I rðuÞ du and (ii) the number of points residing within disjoint intervals are independent random variables.
The average number of points residing above the level l is given by
(lX0). If the rate function r is integrable at infinity then the function R is well defined and is monotone decreasing to zero: lim l!1 RðlÞ ¼ 0. Henceforth, we assume that the rate function r is integrable at infinity, refer to the function R as the Population's ''survival rate function'', and refer to random populations constructed by the Poissonian algorithm as ''Poissonian populations''.
As indicated above, the number of points of a Poissonian population residing above the positive level l is Poisson-distributed with mean RðlÞ. Moreover, the points residing above the positive level l form an IID sequence of random variables governed by the ''local'' survival probability function Poissonian populations split into two categories: finite-characterized by bounded survival rate functions ðRð0Þo1Þ, and infinite-characterized by unbounded survival rate functions ðRð0Þ ¼ 1Þ.
The size of a finite Poissonian population is finite with probability one, and is Poisson-distributed with mean Rð0Þ. The points of a finite Poissonian population form an IID sequence of random variables governed by the survival probability function F 0 ðuÞ ¼ RðuÞ=Rð0Þ ðuX0Þ. The Poissonian algorithm-in the case of finite Poissonian populations-is equivalent to the IID algorithm.
The size of an infinite Poissonian population is infinite with probability one. Infinite Poissonian populations cannot be generated by the IID algorithm and are beyond its realm. Infinite Poissonian populations facilitate a definition of ''Poissonian fractality'' which is based on the notions of Poissonian scale-invariance and Poissonian renormalization, and are intimately related to Extreme Value probability laws and to Le´vy Stable probability laws [13] .
Paretian population-statistics
In 1897, the Italian economist Vilfredo Pareto came up with a dramatic empirical discovery. Having analyzed reams of income-data, Pareto concluded that the distribution of wealth in human populations is governed by power-laws [2] . Specifically, Pareto asserted that the frequency of individuals whose wealth is greater than a given level l is well approximated by a power-law of the form al Àa (the coefficient a and the exponent a being positive parameters).
Let us examine the modeling-consistent with Pareto's findings-of a random population model representing the wealth of individuals.
In the case of the IID modeling approach, Pareto's discovery implies that the wealth-distribution of the population's members should be taken to be governed by the survival probability function PðuÞ ¼ au Àa . Since the power-law au Àa diverges at the origin, a cutoff must be introduced. Taking the positive resolution level l to be the cutoff yields the Paretian survival probability P l ðuÞ ¼ ðu=lÞ Àa ðuXlÞ. In the case of the Poissonian modeling approach, Pareto's discovery implies that the average number of individuals whose wealth is greater than a given level l should be taken to be governed by the survival rate function RðlÞ ¼ al Àa . In this case-contrary to the case of the IID modeling approach-the divergence of the power-law al Àa at the origin causes no problem, and no cutoff need be introduced. The IID and the Poissonian algorithms follow different interpretive approaches: the former considers the probability of a population member to be wealthier than a given level, whereas the latter considers the average number of population members which are wealthier than a given level.
Moreover, substituting the power-law survival rate function RðlÞ ¼ al Àa into Eq. (4) results in Paretian local survival probability functions
ðuXlÞ. Thus, the Paretian probability laws arising from the Probabilistic interpretation of Pareto's discovery are, in fact, resolution-contingent projections of the power-law Poissonian survival rate function arising from the Poissonian interpretation of Pareto's discovery. Although Pareto's findings serve as a motivation for this theoretical research, it should be pointed out that modern empirical studies in Econophysics bring forth evidence that the distribution of wealth in human populations is, in fact, a mixture of Lognormal and Pareto distributions-the latter governing the distribution tail [16, 17] .
Lorenzian analysis of infinite Poissonian populations
Poissonian populations with unbounded survival rate functions are of infinite size, and their order statistics W 1 4W 2 4W 3 4 Á Á Á are infinite sequences. For such infinite populations the definition of the Lorenz curve via Eq. (1) is inappropriate.
Two possible asymptotic approaches-facilitating the Lorenzian analysis of infinite Poissonian populations-are the following: (i) considering the finite sub-population of points residing above the positive resolution level l, and decreasing the level parameter l to zero; (ii) considering the finite sub-population of the top-n order statistics, and increasing the size parameter n to infinity. In this section we investigate both these approaches.
In both these asymptotic approaches we use ''local'' Lorenz curves of finite sub-populations and, in a limiting procedure, transcend to a ''macroscopic'' Lorenz curve which captures the entire infinite population under consideration.
The Lorenzian analysis will turn out to be contingent on the summability of the population under consideration. A Poissonian population is summable if its aggregate wealth P 1 k¼1 W k is convergent (with probability one), and is non-summable otherwise. Campbell's theorem of the theory of Poisson processes (see [12, Section 3.2] ) implies that a Poissonian population is summable if and only if its survival rate function R is integrable at the origin.
The analysis to be performed will involve the notion of regular variation [18] . A real function f is said to be regularly varying at the limit point p if the limit lim u!p fðyuÞ=fðuÞ exists for all positive constants y. Theory shows that if the function f is regularly varying then lim u!p fðyuÞ=fðuÞ ¼ y n , where the exponent n is a real parameter called the exponent of regular variation. Regularly varying functions are generalizations of powerlaws, and play a key role in various fields of Probability Theory (see [18, Chapter 8] ).
Resolutional approach
Let l be a positive resolution level, and consider the finite sub-population of points residing above the level l. This sub-population forms an IID sequence of random variables governed by the local survival probability function F l of Eq. (4). The local Lorenz curve L l ¼ L F l corresponding to the local survival probability function F l is given, in turn, by Eq. (2). A necessary and sufficient condition for the well-definiteness of the local Lorenz curves fL l g l40 is that the survival rate function R be integrable at infinity (the ascertainment of this assertion is given in the proof of Proposition 2). Definition 1. The macroscopic Lorenz curve L 0 of an infinite Poissonian population is the pointwise limitwhen existing-of the local Lorenz curves fL l g l40 :
ð0pxp1Þ.
The following proposition classifies the spectrum of possible macroscopic Lorenz curves L 0 , as well as the ''basin of attraction'' of each macroscopic Lorenz curve. 
ð0oxp1Þ. If the Poissonian population is non-summable then the macroscopic Lorenz curve L 0 exists if and only if the survival rate function R is regularly varying at the origin with exponent n ¼ Àa ða41Þ-in which case it is given by the power-law:
.
The proof of Proposition 2 is given in the Appendix.
Order-statistics approach
Let n be a positive integer, and consider the finite sub-population comprising of the top-n order statistics: 
the limit holding with probability one (0pxp1).
The following proposition classifies the spectrum of possible macroscopic empirical Lorenz curves L ð1Þ , as well as the ''basin of attraction'' of each macroscopic empirical Lorenz curve. ð0pxp1Þ.
The proof of Proposition 4 is given in the Appendix.
The Lorenz spectrum
Propositions 2 and 4, which follow different asymptotic approaches, are consistent and yield the following ''Lorenz spectrum'' of possible macroscopic Lorenz curves:
(0oxp1; F a ð0Þ ¼ 0 for all curves). The Lorenz spectrum comprises of two types of macroscopic Lorenz curves: (i) the ''degenerate'' limit F 1 -the line of perfect inequality-whose basin of attraction comprises of all summable Poissonian populations and (ii) the ''non-degenerate'' limits fF a g a41 whose basin of attraction comprises of all non-summable Poissonian populations governed by survival rate functions which are regularly varying at the origin (with exponent greater, in absolute value, than unity).
The non-degenerate macroscopic Lorenz curves fF a g a41 correspond to Paretian probability laws. Indeed, substituting the Lorenz curve F a into Eq. (2) and solving L F ¼ F a yields the Paretian survival probability function 
where a is an arbitrary positive parameter. This fact is of major importance, and we shall yet return to it in Section 8 below.
The Lorenzian spectrum fF a g aX1 is a monotonically ordered class of functions: a 1 oa 2 implies that F a 1 ðxÞ4F a 2 ðxÞ ð0oxo1Þ. The upper bound of the spectrum is the line of perfect inequality L pi ðxÞ ¼ 1 ð0oxp1Þ-attained by the parameter value a ¼ 1. The lower bound of the spectrum is the line of perfect equality L pe ðxÞ ¼ x ð0pxp1Þ-attained by the parameter limit a ! 1.
Egalitarianism is thus in direct proportion to the exponent a: the higher the exponent-the greater the equality of the distribution of wealth; the lower the exponent-the greater the inequality of the distribution of wealth.
Lorenzian fractality
The non-degenerate part fF a g a41 of the Lorenz spectrum obtained in the previous Section is intimately related to the notion of ''Lorenzian fractality''-i.e., the notion of Lorenzian scale-invariance:
Definition 5. A Poissonian population is Lorenz-fractal if its local Lorenz curves fL l g l40 are independent of the resolution level l ðl40Þ.
The following proposition characterizes the class of Lorenz-fractal Poissonian populations. Proposition 6-whose proof is given in the Appendix-implies that the non-degenerate macroscopic Lorenz curves fF a g a41 of the Lorenz spectrum are, in fact, the macroscopic Lorenz curves of the class of Lorenzfractal Poissonian populations.
In Ref. [13] it is shown that power-law Poissonian populations governed by the survival rate functions of Eq. (15) constitute-within the totality of all infinite Poissonian populations defined on the positive half-linethe class of fractal Poissonian populations (fractality, in the context of infinite Poissonian populations, being based on the notions of Poissonian scale-invariance and Poissonian renormalization).
Note that the survival rate function R and the local survival probability functions fF l g l40 appearing in Proposition 6 are precisely those appearing in the case of Paretian population-statistics discussed in Section 4. Specifically: the survival rate functions of Eq. (15) and the local survival probability functions of Eq. 
In particular, in the case of Lorenz-fractal Poissonian populations, the famous 20-80 rule (see [19, Chapter 6] ) implies that the fractal exponent a equals lnð5Þ= lnð4Þ.
A CLT perspective
In this section we present a CLT perspective to the Lorenzian analysis of infinite Poissonian populations presented above. To do so, we begin with a terse review of the CLT for positive-valued probability laws.
A review of the one-sided CLT
The CLT-which plays a focal role in Probability Theory and Statistical Physics-investigates the asymptotic limit laws of averages of IID random variables [9] . In the case of positive-valued random variables (realizing positive-valued probability laws) the ''CLT spectrum'' of attainable limit laws is given-up to a multiplicative scale-by the following set of characteristic Laplace transforms:
ðyX0Þ.
The ''basin of attraction'' of the limit law characterized by the Laplace transform C 1 is broad-comprising of all probability laws possessing a finite mean. This limit law is degenerate and non-random-being a unitmass atom placed at the positive coordinate x ¼ 1.
The ''basin of attraction'' of the limit law characterized by the Laplace transform C a ð0oao1Þ is rather narrow-comprising of all probability laws whose survival probability functions are regularly varying at infinity with exponent n ¼ Àa.
The ''non-degenerate'' characteristic Laplace transforms fC a g 0oao1 correspond to the Le´vy Stable probability laws: the unique fixed points of CLT renormalizations of positive-valued IID random variables.
Moreover, the function C a ð0oao1Þ-up to a multiplicative scale-is the characteristic Laplace transform of the sum of an infinite Poissonian population governed by a power-law survival rate function with exponent a: RðlÞ ¼ al Àa (l40; a being a positive coefficient).
CLT representation of the Lorenzian analysis
The Lorenzian analysis presented above-investigating the macroscopic Lorenz curves of infinite Poissonian populations-portrays a picture which is strikingly reminiscent to the one-sided CLT tersely reviewed in the previous subsection.
In the Lorenzian analysis the Lorenz spectrum fF a g aX1 admits the role of the CLT spectrum fC a g 0oap1 in a remarkable functional correspondence.
The ''basin of attraction'' of the macroscopic Lorenz curve F 1 is broad-comprising of all summable infinite Poissonian populations. The macroscopic Lorenz curve F 1 coincides with the line of perfect inequality L pi ðxÞ ¼ 1 ð0oxp1Þ and hence represents the degenerate and non-random case of ''totally monarchic'' populations (in which all the wealth is held by a single individual -the ''monarch'').
The ''basin of attraction'' of the macroscopic Lorenz curve F a ða41Þ is rather narrow-comprising of all infinite Poissonian populations whose survival rate functions are regularly varying at the origin with exponent n ¼ Àa.
The macroscopic Lorenz curves fF a g a41 correspond to Lorenz-fractal populations: infinite Poissonian populations whose level-contingent Lorenz curves turn out to be independent of the resolution level used.
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The function F a ða41Þ is the characteristic Lorenz curve of a Lorenz-fractal population with exponent ai.e., an infinite Poissonian population governed by the power-law survival rate function RðlÞ ¼ al Àa (l40; a being a positive coefficient.
Comparison between the CLT and the Lorenzian analysis
In this subsection we further discuss the comparison between the one-sided CLT and the Lorenzian analysis.
Regularity and degeneracy
Both the one-sided CLT and the Lorenzian analysis share a common-and somewhat counter-intuitivefeature: it is the non-regular objects which lead to non-degenerate limits, whereas the regular objects lead to degenerate limits.
Regular positive-valued probability laws are of finite-mean, and regular Poissonian populations are summable. These regular objects form, respectively, the basins of attraction of the degenerate and non-random limits C 1 and F 1 .
On the other hand, non-regular positive-valued probability laws are of infinite-mean, and non-regular Poissonian populations are non-summable. These non-regular objects-when governed by regularly varying asymptotics-form, respectively, the basins of attraction of the non-degenerate parts of the CLT spectrum ðfC a g 0oao1 Þ and of the Lorenz spectrum ðfF a g a41 Þ.
Regular variation
Yet another feature common to both the one-sided CLT and the Lorenzian analysis is that non-degenerate limits are attainable only in the presence of regularly varying asymptotics.
In the one-sided CLT the survival probability functions (of the underlying infinite-mean probability laws) need be regularly varying at infinity, and in the Lorenzian analysis the survival rate functions (of the underlying non-summable infinite Poissonian populations) need be regularly varying at the origin. Although regular variation is required in both the CLT and Lorenzian cases, it has a dramatically different interpretation:
In the CLT case it is the asymptotic behavior at infinity which governs the resulting CLT limit. Namely, the few rare events-rather than the many common events-are those that determine the limiting Laplace transform C a ð0oao1Þ.
Counterwise, in the Lorenzian case it is the asymptotic behavior at the origin which governs the resulting Lorenzian limit. Namely, the many poor-rather than the few rich-are those that determine the limiting Lorenz curve F a ða41Þ.
Underlying power-law structure
Both the Le´vy Stable probability laws (corresponding to the non-degenerate part of the CLT spectrum) and the Lorenz-fractal Poissonian populations (corresponding to the non-degenerate part of the Lorenz spectrum) share a common underlying power-law Poissonian structure: the power-law survival rate functions RðlÞ ¼ al Àa (l40; the coefficient a and the exponent a being positive parameters).
Power-law Poissonian populations comply with Pareto's empirical observations (described in Section 4). Moreover, within the totality of all infinite Poissonian populations defined on the positive half-line, power-law Poissonian populations constitute the class of fractal Poissonian populations-the definition of Poissonian fractality being based on the notions of Poissonian scale-invariance and Poissonian renormalization [13] .
In the parameter range 0oao1 the power-law Poissonian populations are summable, and their sums are the Le´vy Stable probability laws characterized by the Laplace transforms fC a g 0oao1 . In the parameter range a41 the power-law Poissonian populations are non-summable, and their macroscopic Lorenz curves are fF a g a41 .
Power-law Poissonian populations with exponent a ¼ 1 are non-summable and their macroscopic Lorenz curves are ill-defined. Hence, power-law Poissonian populations with exponent a ¼ 1 are left outside the CLT and the Lorenzian spectrums. Rather, in each spectrum these populations are ''replaced'' by the degenerate
representatives of the singular case a ¼ 1: a unit mass atom in the CLT spectrum, and a ''totally monarchic'' population in the Lorenz spectrum.
Limiting procedures
Having detailed the common features the CLT and the Lorenzian analysis share, it is important to emphasize an important distinction regarding their intrinsic limiting procedures.
In the CLT the intrinsic limiting procedure is external. Having initiated from a given positive-valued probability law an IID sequence of random variables is generated, and the limiting behavior of their averages is sought. The procedure is ''external'' in the sense of aggregating up many independent copies (realizations) of one statistical object-the initial positive-valued probability law.
The CLT's external limiting procedure is natural in the context of dynamic processes where random independent motion-steps or perturbations are temporally aggregated and averaged. In this context the CLT provides a macroscopic statistical description of the temporal dispersion of the process under consideration.
In the Lorenzian analysis the intrinsic limiting procedure is internal. Having initiated from a given infinite Poissonian population its finite sub-populations are considered, and the limiting behavior of their Lorenz curves is sought. The procedure is ''internal'' in the sense that we are always remaining within the realm of the initial population-rather than ''stepping out'' and generating independent copies of the initial population.
The Lorenzian internal limiting procedure is natural in the context of static populations which are infinitely vast. In this context the Lorenzian analysis provides a macroscopic description of the distribution of wealth (or any other positive-valued measure of interest) within the infinite population under consideration.
Paretian ubiquity
Pareto's empirical discovery regarding the distribution of wealth in human populations was trailblazingbeing followed by a torrent of other empirical discoveries of power-law statistics observed in diverse fields of science [3] [4] [5] [6] [7] . Paretian power-law statistics are ubiquitous. The question is why?
The origins of Paretian power-law statistics were studied extensively by researchers, and various mechanisms for the generation of these laws were proposed (see [10, Chapter 14 and references therein]). A universal mechanism for the generation of Paretian power-law statistics with integer-valued exponents was recently discovered [11] . Yet, there is no known universal mechanism which is accountable for the generation of general Paretian power-law statistics. So why are these laws so commonly observed?
One possible explanation is the one-sided CLT and its resulting Le´vy Stable probability laws-whose survival probability functions are asymptotically Paretian: the survival probability function G a corresponding to the Le´vy Stable Laplace transform C a (0oao1) is governed by the Paretian power-law asymptotics G a ðuÞ$u Àa =Gð1 À aÞ, u ! 1. This CLT explanation, however, has two drawbacks. First, the exponent a of the Le´vy Stable laws is restricted to the range 0oao1, whereas the empirically observed Paretian exponents happen to take arbitrary positive values a40. Second, as discussed in Section 7.3.4 above, the CLT limiting procedure is more natural in dynamic settings rather than in static settings-rendering the one-sided CLT explanation somewhat imposed in the latter case.
An alternative explanation-which is static and arises naturally in the context of infinitely vast populations-is provided by the Lorenzian analysis presented above. An infinite Poissonian population can be either: (i) summable-yielding the degenerate macroscopic Lorenz curve F 1 ; (ii) non-summable and governed by regularly varying asymptotics-yielding a non-degenerate macroscopic Lorenz curve F a ða41Þ; (iii) non-summable with no regularly varying asymptotics-yielding no macroscopic Lorenz curve.
Hence, the only non-degenerate macroscopically observable Lorenz curves are fF a g a41 -which, as noted already in Section 5.3 (recall Eq. (13)), correspond to Paretian probability laws. Paretian ubiquity is thus an issue of macroscopic observability. Put somewhat informally, the Lorenzian explanation of the Paretian ubiquity phenomena can be summarized-up as follows:
From a Lorenzian perspective; the only nonÀdegenerate macroscopically observable populationÀstatistics are Paretian.
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ðn ¼ 2; 3; . . .Þ. If the survival rate function R of the Poissonian population is regularly varying at the origin with exponent n ¼ Àa ða40Þ then lim n!1 Y n ¼ 1=a, the limit holding with probability one.
We emphasize that Proposition 7, whose proof is given in the Appendix, is valid on the entire exponent range a40 (rather than being restricted to the ''Lorenz-admissible'' sub-range a41).
Having observed the top-n order statistics W 1 4W 2 4 Á Á Á 4W n of a Poissonian population governed by a regularly varying survival rate function (at the origin), Proposition 7 asserts that the statistic 1=Y n is an estimator for the exponent of regular variation a.
Conclusions
We considered infinite random populations modeled by inhomogeneous Poisson processes defined on the positive half-line-the randomly scattered process-points representing the wealth of the population-members (or any other positive-valued measure of interest such as size, mass, energy, etc.). Each such Poissonian population is characterized by its survival rate function R-the function value RðlÞ being the average number of process-points residing above the positive level l.
Our aim in this research was to study the distribution of wealth within infinite Poissonian populations. To that end we used the statistical tool of Lorenz curves-after having adjusted their definition to an infinitepopulation setting via the notion of ''macroscopic Lorenz curves''. The Lorenzian analysis of infinite Poissonian populations gave rise, in turn, to the notion of ''Lorenzian fractality'' and to the explicit characterization of Lorenz-fractal populations.
The Lorenzian analysis conducted yielded a probabilistic limit-theorem which is of remarkable resemblance to the one-sided Central Limit Theorem (CLT)-the latter leading to the CLT spectrum fC a g 0oap1 of Le´vy Stable Laplace transforms, and the former leading to the Lorenz spectrum fF a g aX1 of macroscopic Lorenz curves.
The non-degenerate parts of the CLT spectrum ðfC a g 0oao1 Þ and of the Lorenz spectrum ðfF a g a41 Þ turned out to be underlaid by the very same class of fractal objects-infinite Poissonian populations governed by power-law survival rate functions ðRðlÞ ¼ al Àa Þ. Moreover, the CLT spectrum and the Lorenz spectrum turned out to be complementary-the former defined on the exponent range 0oao1 which corresponds to the case of summable populations (with finite aggregate population wealth), and the latter defined on the exponent range a41 which corresponds to the case of non-summable populations (with infinite aggregate population wealth). The punctuated point a ¼ 1 corresponds-in both the CLT spectrum and the Lorenz spectrum-to deterministic (and hence degenerate) limits.
On a macroscopic scale the only observable Lorenz curves are those of the Lorenz spectrum fF a g aX1 . The non-degenerate macroscopic Lorenz curves fF a g a41 , in turn, correspond to Paretian probability distributions. Thus, a macroscopically observable Lorenzian structure always implies underlying Paretian populationstatistics-providing a universal explanation to the phenomena of Paretian ubiquity. Consider a population whose wealth-distribution is governed by the probability density function f ðuÞ (u40). Let F denote the corresponding survival probability function (namely: F ðyÞ ¼ R 1 y f ðuÞ du ðyX0Þ), and let m denote the corresponding mean (namely: m ¼ R 1 0 uf ðuÞ du). Given a positive level y observe that: (i) R 1 y f ðuÞ du is the proportion of the population with wealth greater than the level y and (ii) R 1 y uf ðuÞ du is the aggregate wealth held by the part of the population with wealth greater than the level y. Since R 1 0 uf ðuÞ du is the aggregate wealth held by the entire population, the Lorenz curve L F is implicitly given by 
A.2. Proof of Proposition 2
We split the proof into three steps.
Step 1: Eq. (4) implies that the inverse survival probability function F 
Eq. (27) implies that a necessary and sufficient condition for the well-definiteness of the local Lorenz curves fL l g l40 is that the inverse survival rate function R À1 be integrable at the origin-which, in turn, is equivalent to the condition that the survival rate function R be integrable at infinity. Eq. (27) also implies that
ð0oxp1Þ.
Step 2: Assume that the Poissonian population under consideration is summable-implying that the survival rate function R is integrable at the origin. Since a necessary and sufficient condition for the welldefiniteness of the local Lorenz curves fL l g l40 is that the survival rate function R be integrable at infinity, we obtain that the survival rate function R is integrable ð R 1 0 RðuÞ duo1Þ. Moreover, noting that
0 R À1 ðuÞ du we further obtain that the inverse survival rate function R À1 is integrable ð R 1 0 R À1 ðuÞ duo1Þ.
The integrability of the inverse survival rate function R À1 implies that
ð0oxp1Þ. Substituting Eq. (29) into Eq. (28) we conclude that lim l!0 L l ðxÞ ¼ 1 ð0oxp1Þ.
Step 3: Assume that the Poissonian population under consideration is non-summable-implying that the survival rate function R is not integrable at the origin. This, in turn, implies that the inverse survival rate function R À1 is not integrable at infinity. On the other hand, the necessary and sufficient condition for the well-definiteness of the local Lorenz curves fL l g l40 -namely, the integrability of the survival rate function R at infinity-implies that the inverse survival rate function R À1 is integrable at the origin. Altogether, we obtain that the integrals R n 0 R À1 ðuÞ du ðn40Þ are well defined, and that lim n!1 R n 0 R À1 ðuÞ du ¼ 1. Hence, Le'Hospitals rule gives
The limit lim n!1 R À1 ðxnÞ=R À1 ðnÞ exists if and only if the inverse survival rate function R À1 is regularly varying at infinity. On the other hand, Theorem 1.5.12 in [18] implies that the survival rate function R is regularly varying at the origin with exponent n if and only if the inverse survival rate function R À1 is regularly varying at infinity with exponent 1=n. Thus, we obtain that: (i) the limit of Eq. (30) exists if and only if the survival rate function R is regularly varying at the origin and (ii) if the survival rate function R is regularly varying at the origin with exponent n ¼ Àa ða40Þ then 
ð0oxp1Þ. Henceforth, we assume that the Poissonian population under consideration is non-summable. We split the proof of this case into three steps.
Step 1: Let fE k g 1 k¼1 be an IID sequence of exponential random variables with unit mean. The increasing sequence
represents the points of a standard Poisson process with unit rate. Also, let W 1 4W 2 4W 3 4 Á Á Á denote the order statistics of a Poisson process with survival rate function R.
The ''displacement theorem'' of the theory of Poisson processes (see [12, Section 5.5] ) implies that applying the inverse survival rate function R À1 to the points of a standard Poisson process yields the points of a Poisson process with survival rate function R. Namely:
. . .Þ. Setting
(u40; due ¼ buc þ 1 where buc denotes the integer part of the real number u), we obtain that 
ð0oxp1Þ. Due to the non-summability of Poissonian population under consideration (and Eq. (35)), both the nominator and the denominator on the right-hand-side of Eq. (36) diverge to infinity. Hence, Le'Hospitals rule gives
On the other hand, setting 
with probability one ð0oxp1Þ.
Repeating the arguments specified in Step 3 of the proof of proposition 2, we obtain that (i) the limit of Eq. 
. Since Lorenz curves are bounded from below by the line of perfect equality L pe ðxÞ ¼ x ð0pxp1Þ, the exponent b is restricted to the range 0obp1. Alternatively, we can write that b ¼ 1 À 1=a where the parameter a is restricted to the range a41.
ðiiÞ ) ðiiiÞ Assume that the local Lorenz curves fL l g l40 admit the power-law form L l ðxÞ ¼ x 1À1=a ð0pxp1Þ with parameter a41.
Eq. (44) thus implies that the function J is a power law of the form JðtÞ ¼ ct 1À1=a (tX0; c being a positive parameter). Eq. (45) further implies that the inverse survival rate function R À1 is a power law of the form R À1 ðuÞ ¼ bu À1=a (u40; b being a positive parameter)-which, in turn, implies that the survival rate function R is a power law of the form RðlÞ ¼ al Àa (l40; a being a positive parameter). ðiiiÞ ) ðivÞ Assume that the survival rate function R admits the power-law form RðlÞ ¼ al Àa (l40) with parameters a40 and a41.
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PHYSA : 10933 ð0pxp1Þ. Since the resulting Lorenz curves turn out to be independent of the resolution level l ðl40Þ-the underlying infinite Poissonian population is Lorenz-fractal.
A.5. Proof of Proposition 7
In the proof we make extensive use of the notation and argumentation of Proposition 4. We split the proof into two steps.
Step 1:
(using the exponential representation of Eq. (33)) Step 2: Theorem 1.5.12 in Ref. [18] asserts that if the survival rate function R is regularly varying at the origin with exponent n ¼ Àa (a40) then the inverse survival rate function R À1 is regularly varying at infinity with exponent n ¼ À1=a. 
the limit holding with probability one.
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